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Abstract— Analyses are made for steady conjugate free convection about a vertical fin embedded in a porous
medium at high Rayleigh numbers. Two types of heat sources at the fin base are considered : a plate heat source
and a circular heat source. With the thin-fin approximation for the fin and the boundary-layer approximation
for the convective fluid, similarity solutions are obtained for the free convection boundary-layer flow adjacent
to along vertical plate fin with its conductivity-thickness product varying as a power function of distance from
the specified origin. Analytical expressions are obtained for the local surface heat flux, local Nusselt number
and thermal boundary-layer thickness along the fin. A numerical example, with plots of streamlines and
isotherms, is presented for a constant cross-section vertical plate fin heated by a plate heat source and
embedded in a porous medium.

INTRODUCTION

IN THE ANALYSIS of heat transfer from a fin, it is
customary to assume that the heat transfer coefficient
along the finis a prescribed constant. Experiments have
shown that the free convection heat transfer coefficient
for a long fin may vary considerably along the fin { 1].
The variations of the heat transfer coefficient are due to
the interaction between the fin and its adjacent
convective flow. Thus, for the analysis of heat transfer
from a long fin, the value of the heat transfer coefficient
cannot be prescribed a priori, and must be determined
by a simultaneous consideration of heat conduction in
the fin and the convective motion of the adjacent fluid.
Such a conjugated free convection problem has been
considered by Lock and Gunn [1] who have used the
thin-fin approximation for the fin and the boundary-
layer approximation for the fluid in their analysis ; they
show that similarity solutions exist for a class of
problems with specific fin geometry. Based on similar
approximations and a modified approach, Kuehn et al.
[2] obtained similarity solutions for the same geometry
considered by Lock and Gunn [1]. More general
solutions have been obtained numerically by Sparrow
and Acharya [3] for free convection about a vertical
plate fin with a finite length heated by a plate heat
source, and by Tolpadi and Kuehn [4] for a vertical fin
with a circular heat source.

The related problems of conjugated free convection
from an infinitely long, vertical plate fin embedded in a
porous medium and heated by a plate heat source or a

circular heat source are considered in this paper. The
problem has applications to the design of underground
heatexchangers for energy storage and recovery, as well
as for temperature control of a catalytic reactor [5]. As
in the previous studies [1, 2], the thin-fin approxim-
ation for the fin will be invoked and the boundary-layer
approximation for the convective fluid outside the fin
will be applied. Consistent with these approximations,
the effects of curvature and inclination of the fin surface
will be neglected. Similarity solutions for free
convection about an infinitely long vertical plate fin
heated by a plate or circular heat source at its base will
be obtained for a class of problems where the fin’s
conductivity—thickness product varies as a power
function of distance from the origin. Numerical
computations were carried out for a number of fin
shapes. Analytical expressions are obtained for the
local surface heat flux, local Nusselt number and
thermal boundary-layer thickness along the fin. A
numerical example, with plots of streamlines and
isotherms, is presented for a constant cross-section
vertical plate fin heated by a plate heat source at its base.

LONG VERTICAL PLATE FIN
WITH PLATE HEAT SOURCE

Formulation

Consider an infinitely long, vertical plate fin (with
thickness 2t5) whose base is heated by an isothermal
plate heat source embedded in a saturated porous
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NOMENCLATURE
s specific heat of the convective fluid ¥ dimensionless horizontal coordinate,
f dimensionless similarity stream function Y/X,, Y/R,
defined by equation (12a) Y horizontal coordinate.
F dimensionless similarity stream function

defined by equation (36a)

g acceleration due to gravity
k thermal conductivity of the saturated
porous medium
K permeability of the porous medium
n fin shape exponent defined by equations
(8) and (32)
N .
u  local Nusselt number, Nu = ————
k(T —T,)
for a plate heat source and
Nu= LR[’—~ for a circular heat
KT —T,)
source
gr local fin heat flux
r dimensionless vertical radial coordinate,
R/R,
R vertical radial coordinate

R, similarity length parameter defined by
equation (42)

modified Rayleigh number based on R,,
PgBK(T, — T )R /(per)

Ray, modified Rayleigh number based on X,
ngﬂK(R - Tuo)Xb/(ﬂa)

g half-thickness of the vertical fin

T temperature

u dimensionless Darcy velocity in the x-

and r-directions, X, U/a, R,U/a
U Darcy velocity in the X- and R-
directions
v dimensionless Darcy velocity in the y-
direction, X, V/a, R,V/o
Darcy velocity in the Y-direction
dimensionless vertical coordinate, X/X
vertical coordinate
»  similarity length parameter defined by
equation (18)

e A

Greek symbols

o equivalent thermal diffusivity

B coefficient of thermal expansion

or dimensionless thermal boundary-layer
thickness

€ porosity of the porous medium
dimensionless similarity variable defined
by equation (36c¢})

{r value of { at the edge of thermal
boundary layer

n dimensionless similarity variable defined
by equation (12c)

[/ value of 7 at the edge of thermal

boundary layer

similarity temperature, ¢/¢g

angle measured from lower

stagnation streamline

exponent of the fin temperature

viscosity of the convective fluid

density of the convective fluid

dimensionless fluid temperature,

(T-T N1, T,)

dr dimensionless fin temperature,
(Te— T )(Ty— T)

=S
@

RSN S

Vi dimensionless stream function defined
by equation (4)

b 4 dimensionless stream function defined in
equation (27).

Subscripts

b base of the fin

f convective fluid

F fin

o0 infinity

] unsaturated porous medium.

medium of infinite extent. As shown in Fig. 1, X is the
vertical coordinate located along the center line of the
fin and Y is the horizontal coordinate perpendicular to
the fin. The origin of the coordinates is chosen such that
the distance from the origin to the base of the fin is X,
whose value will be determined later. The prescribed
temperature at the base of the fin is T;, which is higher
than that of the surrounding porous medium at 7.
This results in an upward movement of the convective
fluid toward the fin base by the buoyancy force. The
mathematical formulation of the problem is unchanged
if the fin is cooler than the surrounding porous medium
and the fin is inverted.

Under the boundary-layer approximation, the

dimensionless governing equations for the convective
fluid outside the vertical fin are [6]

Yy d¢

e —Raxba n
Woe_dwos 09 o
dy ox dx dy  ay*’

Here x = X/X,, y = Y/X,, and Ray, = pgfK(T,—
T,)X/uo where p, p and B are the density, viscosity,
and the thermal expansion coefficient of the fluid ; K is
the permeability or the porous medium; g is the
gravitational acceleration; a = k/(p,c,) is the equi-
valent thermal diffusivity with(p . c,); denoting the heat



Free convection from a vertical fin

flow direction
. along fin

FiG. 1. Vertical plate fin with plate heat source.

capacity of the fluid where c, is the specific heat of the
fluid, and k is the stagnant thermal conductivity of the
saturated porous medium given by k = (1 —g)k, +¢k;
with edenoting the porosity of themediumand k,and k;
denoting the thermal conductivity of the solid and the
convecting fluid, respectively. The dependent variables
in equations (1) and (2) are the dimensionless
temperature and the dimensionless stream functions
which are defined as

T-T,
) T 3
and
14
IELLC AN £ T S
« ay o 6x

where U and V are the Darcian velocities in the X-and
Y-directions while u and v are the corresponding
dimensionless quantities.

The boundary conditions for the fluid at infinity are

yo ! %=0 and ¢=0 (Sab)
dy
while those at the fin—fluid interface are
y=0: Z—'ﬁ—=0 and ¢ =¢r (6ab)

where ¢g = (Tp— T T, — T,,) with Ty denoting the
temperature along the fin which is to be determined.
Note that the thin-fin approximation is used in
equation (6) such that the thickness of the fin can be
neglected.

Under the thin-fin approximation, there is no
temperature variation across the fin and heat
conduction in the fin is quasi-one-dimensional. It
follows that the governing equation for heat
conduction in a thin fin of variable conductivity or
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thickness is given by

d tp dég o
dx( *%, ax ) TGy ) 0
where kg and t;; are the thermal conductivity and half-

thickness of the fin. The conductivity—thickness
product will now be assumed to be of the form

ketp = kytpx” 't}

where n is the prescribed fin shape exponent and the
subscript b refers to the condition at the fin base.
The boundary conditions for equation (7) are
dr=1 9
(10)

x=1,

x -0, ¢p=0.

Similarity solution

From the work of Cheng and Minkowycz [7], it is
shown that a similarity solution exists for the
convecting fluid if

ép = x* 3]
and that the similarity solution is of the form
¥ = /Ray, x4 31 (n) (12a)
¢
on) = — (12b)
"= g
and
7 = /Rag, x4~ 172y (12)
where f and 8 are determined from
ff=—¢ (13
0 = Af’B—(%—l)fﬂ' (14)
subject to the boundary conditions
JO=60-1=0 (152,b)
(o) =Ho0)=0 (16a,b)

where the primesindicate differentiation with respect to
n. Integrating equation (13) once and with the aid of
equations (16) gives

f=-0 (17
Substituting equations (11} and (12) into (7) gives

R
| EN i ST
provided that
A=2n-3. (19)

Note that equation (11) satisfies the boundary
conditions (9) and (10) if

A<0 (20)
Substituting equation (19) into (20) yields
n<4% 2n
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With the aid of equation (19), equation (14} becomes
8" = (2n-3)f'6—(n~-1)f0. (22)

Equations (11) and (12) in terms of the fin shape
exponent n become

$p = x2n73 23)
¥ = /Ray, x""'f(n) (24a)
¢ = x> 20(y) (24b)

7 = /Ray, x""?y. (24¢)

Equations (23} and (24) with f and 8 determined from
equations (17) and (22) subject to the boundary
conditions (15) and (16b} are the solution for the
problem of conjugate free convection about a plate fin
heated by a plate heat source.

LARGE VERTICAL PLATE FIN
WITH CIRCULAR HEAT SOURCE

Formulation

Consider next an infinitely large, vertical plate fin
with thickness 2t heated by anisothermal circular heat
source at its base. The plate fin is embedded in a
saturated porous medium as shown in Fig. 2, where dis
the angle measured from the lower stagnation
streamline, R is the radial coordinate near the lower
symmetry line of the fin (§ ~ 0)and Y is the horizontal
coordinate perpendicular to the fin, The origin of the
coordinate system is at the center of the circular heat
source. As before, the prescribed temperature at the
base of the fin is T, which is higher than that of the
surrounding porous medium at T, .

Under the boundary-layer approximation, the
dimensionless governing equations for the convecting
fluid near the lower stagnation region are

10°Y o0

rayp T Ramgy )

flow direction - T i
along fin {11

SIDE VIEW

1. Por et al.

r\dy or or oy

where r = R/R,, y= Y/R, and Rag, = pg9BK(T,
— T,)Ry/ua with Ry, denoting the radius of the circular
heat source. The dimensionless stream function is
defined as

1(@\? o 0¥ am) _Po

s (26)

(27a,b)

while the dimensionless temperature is defined by

_T-T,

Q= e
7;5_"1:70

(28)

The boundary conditions for the fluid outside the fin
are

v
yroo: :3-y~=0 and ®=0 (29a,b)
and
a¥
y=0: 5 = 0 and & =0 (30a,b)

Under the thin-fin approximation, the governing
equation for heat conduction in the fin is given by

1d ] ket

1d) ket dey  (00)

rdri{ R, dr 8y Jy-¢
where the prescribed conductivity—thickness product is
assumed to be of the form

€29)

ketp = kytyr™ (32)

Equation (32) is subject to the boundary conditions
r=1: @p=1 (33)
r—oo: Qp=0 (34)

Similarity solution
It can be shown that a similarity solution exists for
the fluid outside the fin if

Dp = r* (35)

FRONT VIEW

F1G. 2. Vertical plate fin with circular heat source.
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and that the similarity solution is of the form

W = Rag r**32F(() (36a)

o
00 = 5
F

{ = /Rag, =172y

where F and © are determined from

(36b)

(36¢)

F'=—-@ 37
@' =iAFO— (?)F@’ (38)
subject to the boundary conditions
F0O)=00)—-1=0 (39a,b)
F(0) =0(0) =0 (40a,b)

where the primes indicate differentiation with respect to
{. Integrating equation (37) once and with the aid of
(40a,b) gives

F=-0. 41)
Substituting equations (35) and (36b) into (31) yields

R, = 3kt (2n—3)(n—1) 23 @)
, [Po9PK(L—T.) [—©0)]
T
provided that
A=2n-3. (43)

Note that equation (35) satisfies boundary conditions
(33) and (34} if

A<0. 44)
Substituting equation (43) into equation (44) gives
n<3i (45)

Equations (43)—(45) are identical to equations (19)—(21)
for the case of a plate heat source. With the aid of

equation (43), (38) becomes
@' =(2n-3)F'®—nFo'" (46)

Equations (35) and (36) in terms of the fin shape
exponent n become

@p = r23 7))

¥ = /Rag, PFQ) (48a)
® =r"73Q()) (48b)

{ =/Rag, ™%y (48¢)

where F and @ are determined from equations (41) and
(46) subject to the boundary conditions (39) and (40b).

RESULTS AND DISCUSSION

Equations (21) and (45) show that solutions exist for
the value of the fin shape exponent less than 3/2. Note
that for a fin with constant thermal conductivity n < 0
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for a tapered fin. For this reason, computations were
carried out for the following values of the fin shape
exponent:n =0, —1/2, —1and — 2. Results for fand F
are shown in Fig. 3, while those of 0 and ©® are shown in
Fig. 4. In these figures, the solid lines are for the plate
heat source while the dashed lines are for the circular
heat source. It is shown that the magnitude of these
functions decrease as n is decreased from zero. The
variations of —&'(n) and —®’({) at two values of n are
presented in Fig. 5 which shows that the effect of n
depends on the value of  and {.

It follows from equations (4), (12a,c), (27) and (36a,c)
that

—(Ray,)x*"~%0(n),
for a plate heat source
—(Rag )r**720(),
for a circular heat source
—VRay, x* [(n—=1)f +(n—=2nf"],

for a plate heat source

(49a)

L (49b)
(50a)
—/Rag, " 2[nF+(n—2)(F'],

L for a circular heat source.

(50b)

Equations (49) show that the convective flow is moving
vertically upward. Under the constraints of equations
(21) and (45), we note that 2n—3 < 0. It follows from

02

Plate Heat Source

—- — Circular Heat Source

0.0 L 1 1 1 i

.8

FiG. 3. The effect of fin shape exponents on dimensionless
stream functions for plate and circular heat source fins.
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Plate Heat Source

— — Circular Heat Source

08 A

7.0

Fi1G. 4. Dimensionless temperature profiles for various values
of the fin shape exponent for fins with plate and circular heat
sources.

(49) that the vertical velocity increases from zero at the
tip of the fin and accelerates toward the base, i.e. toward
the origin of the coordinate system.

The local surface heat flux along the fin is given by

oT
qr = _k(ﬁ>y=o

( (’I;:—Tco)

I. Pop et al

rPlate Heat Source

Circular Heat Source

-8'(0),-®'(0)

1
92 -1 0
n
FiG. 6. Dimensionless surface temperature gradients as a
function of the fin shape exponent for fins with plate and
circular heat sources.

where the values of — §'(0)and — @'(0) as a function of n
are presented in Fig. 6 and listed in Table 1. Itis shown
in Fig. 6 that for a given value of n, the value of —0'(0) is
higher than that of —®’(0). Equations (51) can be
expressed in the following dimensionless form

V/ Ray, x""2[ - 6(0)],

for a plate heat source (52a)
Nu =

/Rag, "~} [—©(0)],
for a circular heat source (52b)

where Nu is the local Nusselt number which is defined

ky/Ray, ~———=x*""%[ —6(0)] as
X, g X
Nu = __AF%b
for a plate heat source (51a) KMTz—T,)
=4
T,—T, for a plate heat source and
k/Rag, =) =5 e, P
R, 4eR
Ny = ——F°b
for a circular heat source (51b) KTz—T,)
—— Plate Heat Source
— — Circular Heat Source
3 4 5

7.8

F1G. 5. The variations of dimensionless temperature gradients for fins with plate and circular heat sources at
two values of the fin shape exponent.
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Table 1. Values of — §'(0), 7y, — ©®'(0) and { for selected values

ofn

n —0(0) Nt —-©0) {r

0.00 1.516 4.64 1414 12.72
—-0.25 1.646 4.15 1.500 8.18
—0.50 1.766 3.79 1.675 6.27
—-0.75 1.878 3.51 1.792 5.24
—1.00 1.985 3.28 1.902 4.58
-1.50 2.182 294 2.106 3.77
—2.00 2.362 2.68 2.292 3.27

for a circular heat source. Under the constraints of
equations (21) and (45), we note that 3n—5 < 0 and n
—2 < 0. It follows from equations (51) and (52) that
both g and Nu increase from zero at the tip of the fin
toward the base.

Finally, consider the thermal boundary-layer
thickness adjacent to the fin. If we define y = dy as the
edge of the thermal boundary layer where 6 or ® has a
value of 0.01, and let # or {1 be the value of  or { at this
point, it follows from (12c) and (48c) that

Nt

s JRay x""%
RS
A /RaRbr"‘Z’

where the values of n and {; as a function of n are listed

for a plate heat source  (53a)

foracircular heatsource (53b)

Y{cm)
00 0.4 08 1.2 1.6 2.0

1,2 200 — X,219.89
120 t+ 24
81 28 f)
59 F 32

46 36

T (°C)

3t Sao
>
32} a2
8¢ 48
25 F 52

23 - 56

22 L 60

Fi1G. 7. Streamlines and isotherms near a copper plate heat
source fin embedded in a geothermal reservoir.
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in Table 1. Equations (53) show that the thermal
boundary-layer thickness increases from zero at the tip
of the fin toward the base for n < 0.

To provide a sense of the magnitude of the physical
quantities involved, computations were carried out for
a long copper fin with constant thermal conductivity
(ky, = 90calm™'s~!°C~ ')and with constant thickness
(2t, = 0.01 m). The finis heated by a plate heat source at
200°C, and is embedded in a geothermal reservoir
with K=10"8m? k=058 calm~ ! s~ °C™! at
T, = 15°C. Other physical properties used in the
computations are p, = 10° g m™3, g =98 m s72
B=18x10"*°C !, u=027gm 's™ ! a=63x
1077 m? s~ 1. Results of the computations for stream-
lines (dashed lines) and isotherms (solid lines) are pre-
sented in Fig. 7. It is seen that some of the isotherms
curve back toward the fin as they approach the plate
heat source. The reason for this behavior is the
streamwise increase of the temperature of the fin which
causes a streamwise increase in the buoyancy force,
resulting in an additional acceleration of the flow.

’

CONCLUDING REMARKS

In this paper, similarity solutions have been obtained
for the problem of conjugate free convection of a
Darcian fluid about long vertical plate fins with a power
law variation of conductivity—thickness product. Both
aplate heat source and a circular heat source have been
considered. For the similarity solution to exist, the
length scale of these two problems must satisfy
equation (18) for a plate heat source and equation (42)
for a circular heat source. Since the origin of the
coordinate system for the case of a plate heat source is
not specified a priori,equation (18) can be used to locate
the origin of the coordinate system for a particular fin
under consideration. Thus, the similarity solution
obtained for the case of a plate heat source is quite
general. For the case of the circular heat source, since
the radius of the circular heat source R, and the origin
of the coordinate are prescribed for a particular fin,
equation (42) places a restriction on the condition for
which a similarity solution exists. A study of more
general nature, involving nonsimilar analysis of
conjugate heat transfer in porous media, is presently
being done by Liu and Minkowycz [8].
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CONVECTION NATURELLE CONJUGUEE SUR DE LONGUES AILETTES VERTICALES ET
PLANES, NOYEES DANS UN MILIEU POREUX, AUX NOMBRES DE RAYLEIGH ELEVES

Résumé—On analyse la convection naturelle permanente sur une ailette verticale dans un milieu poreux aux
nombres de Rayleigh élevés. Deux types de sources de chaleur sont considérés 4 la base de l'ailette : une source
plane et une source circulaire. Avec Papproximation de 'ailette mince et celle de 1a couche limite, des solutions
en similitude sont obtenues pour ’écoulement de convection naturelle adjacent 4 une ailette verticale plane et
longue avec son produit conductivité—¢paisseur variant comme une fonction puissance de la distance a une
origine spécifiée. Des expressions analytiques sont obtenues pour le flux thermique pariétal local, le nombre de
Nusselt local et I'épaisseur de couche limite thermique le long de I'ailette. Un exemple numérique, avec graphes
de lignes de courant et d’isothermes, est présenté pour une ailette plane verticale a section droite constante,
chauffée par une source de chaleur plane et noyée dans un milieu poreux.

FREIE KONVEKTION AN LANGEN VERTIKALEN, IN EIN POROSES MEDIUM
EINGEBETTETEN PLATTENRIPPEN BEI HOHEN RAYLEIGH-ZAHLEN

Zusammenfassung—Es wurden Untersuchungen fiir die stationdre freie Konvektion an einer vertikalen, in
einem pordsen Medium eingebetteten Rippe bei hohen Rayleigh-Zahlen durchgefiihrt. Zwei Arten von
Wirmequellen wurden am Rippenful angenommen : eine ebene und eine kreisférmige Warmequelle. Mit der
vereinfachten Betrachtung als diinne Rippe und der Grenzschichtndherung fiir das Fluid werden fiir die
Grenzschichtstrdmung bei freier Konvektion an einer langen vertikalen Plattenrippe Ahnlichkeitsldsungen
ermittelt. Dabei wurde das Produkt aus Wérmeleitfihigkeit und Rippendicke variiert als Potenzfunktion des
Abstandes vom festgelegten Koordinatenursprung. Es wurden analytische Ausdriicke fiir die lokale
Wirmestromdichte an der Oberfliche, fiir die lokale Nusselt-Zahl und fiir die thermische Grenzschichtdicke
entlangder Rippe gefunden. Es wird ein numerisches Beispiel mit den Plots der Stromlinien und Isothermen in
einem Schnitt durch eine vertikale Plattenrippe bei ebener Wirmequelle vorgestellt.

COINPAXEHHASA CBOBOJHAS KOHBEKLHKA ITPU BOJIBHIUX YHUCIIAX PIJIEA OT
JJIMHHBIX BEPTUKAJIBHBIX IMJIOCKHX PEBEP, TOTPYXXEHHBIX B ITOPUCTYHO
CPEOQY

Annorauma—l3yyeHa crauMoHapHas CONMpsKEHHast CBOOOIHAsA KOHBEKUHs NpH Oonbluux uucnax Pajes
y BepTHKAJIbLHOro pebpa, MOrpyKEHHOTo B MOPHUCTYIO cpedy. PaccMoTpeHs! ABa BMIA TEIUIOBbIX MCTOY-
HHKOB B OCHOBaHMH pebpa: Mockui 4 xpyrosoi. B npubikeHnH TOHKOro pebpa u NOrpaHAYHOrO CJ1035
MOJTy4eHbl aBTOMOJEBHBIC PEIICHUS 15 CBOOOIHOKOHBEKTHBHOI'O TEYEHHS IMOIPAHHYHOIO CJIOS, TIPH-
MBIKAFOLIEr0 K JUIMHHOMY BepTHKajbHOMY ILIOCKOMY pebpy, Korja mpousBeleHue TOJIIUMHBI pebpa Ha
TENJIOTPOBOJHOCTh NPEACTABIAET CTENEHHYIO PYHKUHIO PACCTOSHUS OT 34IaHHOTO Ha4ajla KOOPAMHAT.
TTonydeHbl aHAIMTU4ECKHE BbIPAXCHHUS 1S JIOKAJIBHOIO NOBEPXHOCTHOIO TEIIOBOIO MOTOKA, NOKaJib-
Horo yucna HyccenbTa ¥ TONMMHBI TEMJIOBOTrO NMOrPaHUYHOTO Ciiosi BA0.Ib pebpa. [lpuBoaurcs 4uc:io-
BOH npuMep ¢ rpadukamMu JIMHMHA TOKa M HM30TEPMaMH [UIS BEPTHKAJILHOIO IUIOCKOTO pebpa
MOCTOSHHOTO MONEPEYHOTO CEYCHH A, HArPEBAEMOT O ILIOCKMM TEIJIOBBIM MCTOUMHHKOM U MOTPYXKEHHOTO B
TIOPHCTYO Cpemdy.



